We examine the effect of a spin-active interface on the symmetry of proximity-induced superconducting pairing amplitudes in topological insulators. We develop a model to investigate the leading order contribution to the pairing amplitude considering 3 different kinds of spin-active interfaces: 1) those that induce spin-dependent scattering phases, 2) those that flip the spin of incident electrons, and 3) interfaces that both induce spin-dependent phases and flip the spins of incident electrons. We find that in cases (1) and (3) odd-frequency triplet pairing is induced in the TI while for case (2) no odd-frequency pairing is induced to leading order. We compare our results to those for normal metals and ferromagnetic materials finding that the nontrivial spin structure of the TI leads to qualitatively different behavior.
Strong three dimensional topological insulators (TIs) are a unique class of materials with a bulk band gap and surfaces hosting topologically protected states whose momentum and spin degrees of freedom are locked [1, 2] . Some examples of materials now known to be 3D topological insulators are Bi 2 Se 3 , Bi 2 Te 3 , and Sb 2 Te 3 [3] [4] [5] . The unique electronic properties of TIs make them extremely interesting for fundamental reasons and for possible uses in technological applications. Recent advances in fabrication techniques allow the realization of heterostructures with unprecedented control of the thickness, and number, of layers [6] . The combination of layers of different materials, such as TIs, superconductors (SCs), graphene, and bilayer graphene [7] [8] [9] allows the realization of new systems with novel and extremely interesting electronic properties [10] [11] [12] [13] [14] [15] [16] . In particular, it has been shown that Majorana excitations may arise in certain TI/SC heterostructures by including ferromagnetic materials [17] [18] [19] [20] . Additionally, it has been shown that in heterostructures formed by a TI and an s-wave SC, via the proximity effect, p-wave triplet superconducting pairings can be induced in the TI's surface [10] . More recently it has also been shown that the proximity of a SC to a TI can induce odd-frequency superconducting pairing in the TI's surface [11] [12] [13] .
The symmetry of a superconducting state is characterized by the symmetry properties of the pairing amplitude F (r 1 , t 1 ; r 2 , t 2 ) = α,β T c α (r 1 , t 1 )c β (r 2 , t 2 ) g αβ , where g αβ is a metric tensor describing the spin structure of the pair. Because electrons are fermions if g αβ describes a spin singlet then the equal time correlation function must be even in parity F (r 1 , t; r 2 , t) = F (r 2 , t; r 1 , t) and if it describes a spin triplet then the equal time correlation function must be odd in parity F (r 1 , t; r 2 , t) = −F (r 2 , t; r 1 , t). However, spin triplet pairs can be even in parity and spin singlet pairs can be odd in parity if the pairing amplitude is odd in time or, equivalently, Matsubara frequency, as was originally proposed for superfluid He 3 [21] and later for superconductivity [22] . This ensures that equal time correlations vanish enforcing the Pauli principle and leads to a rich variety of pairing symmetries. Oddfrequency pairing has been shown to develop in ferromagnetic insulator/superconductor (FMI|SC) [23] , ferromagnetic metal/superconductor (FMM|SC) [24] , and normal metal/superconductor (N|SC) junctions [25] [26] [27] [28] . Previous works [23, 24, 26, 27] have also considered the effect on the nature of the pairing correlations in N|SC, FMI|SC, and FMM|SC heterostructures of a spin-active interface, i.e. an interface that induces a spin dependence of the transmission and reflection amplitudes of the fermionic quasiparticles. These works found that a spin-active interface can modify qualitatively the nature of the pairing amplitude in N|SC, FMI|SC, and FMM|SC heterostructures. (Color online) Sketch of the TI|SC heterostructure considered. spin-active interface is present between the superconductor and the 3D topological insulator. The spinactive interface could be realized by a thin layer of magnetic material like EuO.
In this work we investigate for the first time the effect of a spin-active interface on the symmetry of the superconducting pairing induced in the TI's surface by the proximity of an s-wave superconductor. We find that the presence of a spin-active interface profoundly affects the nature of the proximity-induced superconducting pairing in the TI. In particular, we find that in TI|SC heterostructures with a spin-active interface the odd-frequency components of the pairing amplitude have different spin and spatial structure from the ones of TI|SC heterostructures with no spin-active interface and from the ones of N|SC, FMI|SC, and FMM|SC heterostructures with spin-active interfaces [23] [24] [25] [26] [27] [28] . Figure 1 shows schematically a TI-SC heterostructure with a spin-active interface. We consider three kinds of spin-active interfaces: those which confer a spin-dependent interfacial phase (SDIP) to quasiparticle states at the interface; those that flip the spins of quasiparticles at the interface; and those that do both. By SDIPs we refer to the process whereby quasiparticle states incident on the interface pick up a phase when either transmitted or reflected |↑ k → e iθ ↑,k |↑ k and |↓ k → e iθ ↓,k |↓ k . The spin and k-dependence of the phases θ α,k are determined by the microscopic details of the interface [27, [29] [30] [31] . This process is common to all spin-active interfaces and so a necessary ingredient in our description [23, 30, [32] [33] [34] [35] . Let
Hence a singlet pair in the superconductor develops a triplet component proportional to sin ζ k at the interface. By spin-flipping (SF) we refer to tunneling processes which do not conserve the spin of transmitted and reflected electrons.
The main difference between a topological insulator and other materials for which the effect of spin-active interfaces have been studied is that, at low energies, topological insulator states possess a spin lying in the plane of the surface whose direction is locked with the direction of the momentum. We will show that this affects the symmetries of the induced pairing, creating odd-frequency m = ±1 triplet (S = 1; m = ±1) correlations for any spin-active interface.
To model the system in Fig 1 we employ the Hamiltonian: H = H T I + H SC + H t where:
(1) where σ 0 is the 2 × 2 identity matrix in spin space, σ is the vector (σ 1 , σ 2 , σ 3 ) formed by 2 × 2 Pauli matrices in spin space, k = (k x , k y ), v is the Fermi velocity of the surface states in the TI, µ is the chemical potential in the TI surface, c † k,λ d † k,λ creates a quasiparticle with momentum k and spin λ in the TI surface (superconductor), ǫ k is the energy of a superconductor quasiparticle state measured from the chemical potential in the superconductor,∆ = −∆ 0 iσ 2 is the order parameter of the superconducting condensate, andT = (t 0 σ 0 + t · σ) with t = (t 1 , t 2 , t 3 ). Notice that the tunneling term accounts for the possibility of spin-flip processes at the interface if t = 0.
To investigate the effect of the spin-active interface on proximity-induced pairing in the TI we calculate the pairing amplitude in the TI as a function of momentum k and Matsubara frequency ω,F T I (k, ω). To leading order in T we have:
where we have included SDIP by a transformation in spin-space at the interfaceF
is the pairing amplitude in the SC. Evaluating the expression on the right hand side of Eq (2) we findF
and
The S = 1 m = ±1 components of the pairing amplitude are given by f 1 , while the singlet (S = 0) is given by f T I 2 . From Eq (4) we can see that the presence of a spin-active interface induces odd-frequency triplet correlations in the TI, similar to the case where the TI layer is replaced by a 3D normal metal or ferromagnetic material [24, 26, 27, 30, 33, 35, 36] . It is interesting to note that the m = ±1 amplitudes possess a nontrivial k-dependence reminiscent of a chiral state. Specifically, the odd-frequency components are proportional to |k| sin ζ k e ∓iφ k while the even-frequency components are proportional to |k| 2 sin ζ k e ∓i2φ k where φ k = tan −1 k y /k x . From Eqs (4) we note that if there are no SDIPs, that is ζ k = 0, then the f components are proportional to µ so that at the Dirac point no triplet correlations are induced in the TI at this order. The next term contributing toF T I (k, ω) is proportional toT 4 and at this order we do find odd-frequency triplet correlations even with ζ k = 0, however these amplitudes are orders of magnitude smaller than the singlet contribution in Eq (4) and will not be presented here.
If instead we have ζ k = 0 and no spin-flipping (t = 0) then Eqs (4) simplify to:
From these equations we see that even in the absence of spin-flip processes SDIPs lead to chiral odd-frequency m = ±1 triplet pairing on a TI surface. However, spinflip processes are necessary to give rise to even-frequency m = ±1 triplet pairing and odd-frequency m = 0 triplet pairing.
To gain some insight, we compare these results to the case of a X|S junction with a spin-active interface where we take X to be a 2D material described by the Hamiltonian
k,λ a k,λ where we assume ξ −k = ξ k . For h = 0 this describes a 2D normal metal (X=N), for h = 0 this describes a ferromagnet (X=F). We make a distinction between two limits of the F case, one in which h = (0, 0, h) (FZ) and an easy-plane ferromagnet h = h(cos φ, sin φ, 0) (FE). To calculate the leading order contribution to the anomalous Green's function for this kind of system,F X (k, ω), (ignoring the effect of the exchange field on the superconductor) we replaceĜ
Evaluating the resulting expression we findF
Notice that the odd-frequency m = 0 triplet component is proportional to h 3 cos ζ k , while the m = ±1 triplet component is proportional to (h 2 ± ih 1 ) cos ζ k hence if the material has a non-zero exchange field then even for ζ k = 0 there is an odd-frequency triplet amplitude in contrast to the case of either a normal metal or a TI. At this point we can use the components in Eqs (4, 7) to explore the properties of the cases noted above. The symmetries for the four systems TI|SC, N|SC, FZ|SC, and FE|SC are summarized in Table I . Table I shows that the presence of an interface with SDIPs induces odd-frequency triplet correlations in TI|SC heterostructures. Another feature of Table I is that the FZ|SC and N|SC only develop m ± 1 triplet amplitudes if the interface is both SDIPs and spin-flipping, in contrast to the TI|SC and FE|SC which exhibit m = ±1 triplet amplitudes for all four interfaces. This can be explained by realizing that the SDIPs convert a singlet pair into a linear combination of singlet and m = 0 triplet but this mechanism cannot impart a net spin in the zdirection (z-direction indicated in Fig 1) . Spin-flipping processes can take the m = 0 triplet state and rotate it out of the plane to produce an m = ±1 triplet. In the case of the FE and TI, the spin of the eigenstates for these materials lies in the x-y plane and hence these states are already a linear combination of |↑ and |↓ . This acts as an intrinsic mechanism for imparting net spin in the z-direction. For this reason we can see that the FE and TI exhibit m = ±1 triplet contributions for all four interfaces.
It is worth noting that the symmetries of the induced pairings in the FE are not sensitive to the value of the chemical potential while in the case of the TI, for interfaces which lack SDIPs, the only triplet contributions are proportional to µ so that at the Dirac point an interface without SDIPs will only give rise to singlet pairing in the TI. Another difference between the TI and FE is that for the TI odd-frequency pairing only develops in the presence of SDIPs while odd-frequency pairing is ubiquitous in the FE (and FZ) for all four interfaces. These qualitative differences between the TI and FE results can be attributed to the chiral spin structure of the TI, i.e. the fact that k → −k implies s → −s, where s is the spin of an electron on the surface of a TI.
Note that for the normal metal we see that no oddfrequency amplitudes are induced at this order. We attribute this to the trivial spin structure of the normal metal whose Green's function is even in frequency and proportional to the identity in spin space so the only way to induce odd-frequency correlations in this material would be through processes of higher order inT .
In conclusion, we analyzed proximity-induced superconductivity in TI|S heterostructures with a spin-active interface. We find that the proximity-induced pairing amplitudes in the TI are qualitatively different from non-chiral materials. The presence of spin-dependent interfacial phases gives rise to odd-frequency m = ±1 triplet correlations. We attribute this to the unique spin structure of the TI surface states. Another interesting feature of the m = ±1 triplet correlations for TI|S structures with a spin active interface is the fact that both the even and odd-frequency contributions possess non-trivial k-dependence reminiscent of a chiral state, the odd-frequency terms being proportional to sin ζ k e −iφ k while the even-frequency terms are proportional to sin ζ k e −i2φ k . Additionally, we find that the magnitude of the odd-frequency pairing amplitude is dependent on the direction of t a quantity that could be tuned by appropriately manufacturing the interface. Depending on the degree of control one has on the direction of t, this could allow for the ability to turn the oddfrequency pairing amplitude on or off as desired. This property could provide a new tool in classifying different materials experimentally and could find applications in the field of spintronics.
